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Problem 2: Flippin’ Coins

Some additional questions to consider for problem 2:

Q1: What if the coin is biased? Say ℙ 𝐻 =
1

3
, ℙ 𝑇 =

2

3
 

Q2: Now extend this to tossing 𝑛 unbiased coins, what is the probability that you get 

𝑘 heads?    
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Interpretation 1:
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Interpretation 2:
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Problem 2: Flippin’ Coins

Solving probability problems, first identify (ALWAYS!) 

• Sample space Ω

• Probability measure ℙ 

To compute probability of an event 𝐴: 

ℙ 𝐴 = ෍

𝑤∈𝐴

ℙ[𝑤]

Sum of probability weights in 𝐴 

If working with uniform probability:

= ෍

𝑤∈𝐴

1

|Ω|
=

𝐴

|Ω|

Usually a counting problem



Problem 2: Flippin’ Coins

Toss 𝑛 unbiased coins, what is the probability of getting 𝑘 heads?  

• Sample space Ω

• Probability measure ℙ 

Ω = {HHH. . H, THH … H, … }

Length 𝑛 combinations of 𝐻 and 𝑇 

ℙ w =
1

|Ω|
=

1

2𝑛

…

2 2 2 2 2 2

What is the probability of getting 𝑘 heads?  

ℙ A =
𝐴

|Ω|
=

𝑛
𝑘

2𝑛

𝐴: Set of all length 𝑛 sequence with 𝑘 heads 

…
1 2 3 4 𝑛 − 1 𝑛

From 𝑛 indices choose 𝑘 indices to put 𝐻



Problem 3: Sampling

An urn contains 𝑛 balls, of which one is “special”, suppose you sample 𝑘 balls at 

once, what is the probability you get the “special” ball?
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What is the sample space and probability function?

(1, 1) (1, 2) … (1, 𝑛)

(2, 1)

(𝑛, 1)

… …

(2, 𝑛)

(𝑛, 𝑛)

(2, 2) …

(𝑛, 2)

…

…

(3, 1) (2, 𝑛)(3, 2) …

(1, 3)

(2, 3)

(𝑛, 3)

…

(3, 3)

(1, 1)

1

𝑛
⋅

1

𝑛
=

1

𝑛2

1

𝑛2

Fi
rs

t 
ba

ll

Second ball
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(1, 1) (1, 2) … (1, 𝑛)

(2, 1)

(𝑛, 1)

… …

(2, 𝑛)

(𝑛, 𝑛)

(2, 2) …

(𝑛, 2)

…

…

(3, 1) (2, 𝑛)(3, 2) …

(1, 3)

(2, 3)

(𝑛, 3)

…

(3, 3)

Way 1: Combinatorial argument

𝑛

2

Way 2: Geometric argument

2 × 𝑇𝑟𝑖𝑎𝑛𝑔𝑙𝑒 + 𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙 = 𝑛2

𝑇𝑟𝑖𝑎𝑛𝑔𝑙𝑒 = (𝑛2−𝑛)/2
=

𝑛
2

n2
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(1, 1) (1, 2) … (1, 𝑛)

(2, 1)

(𝑛, 1)

… …

(2, 𝑛)

(𝑛, 𝑛)

(2, 2) …

(𝑛, 2)

…

…

(3, 1) (2, 𝑛)(3, 2) …

(1, 3)

(2, 3)

(𝑛, 3)

…

(3, 3)

{ 1, 2 , 2, 3 , 3, 4 , … 𝑛 − 1, 𝑛 } =
𝑛 − 1

n2



Problem 3: Sampling

(1, 1) (1, 2) … (1, 𝑛)

(2, 1)

(𝑛, 1)

… …

(2, 𝑛)

(𝑛, 𝑛)

(2, 2) …

(𝑛, 2)

…

…

(3, 1) (2, 𝑛)(3, 2) …

(1, 3)

(2, 3)

(𝑛, 3)

…

(3, 3)

(b) =
1

2
𝑐 =

(𝑛 − 1)

𝑛(𝑛 − 1)

(1, 2)

1

𝑛
⋅

1

(𝑛 − 1)
=

1

𝑛(𝑛 − 1)

1

𝑛(𝑛 − 1)



Problem 4: Intransitive Dice

(2, 1) (4, 1)

(2, 6) (4, 6)

(2, 8) (4, 8)

(9, 1)

(9, 6)

(9, 8)

What is the sample space and probability function?

1

9

ℙ 𝑦𝑜𝑢 𝑤𝑖𝑛 =
5

9



Problem 4: Intrasitive Dice

(b) ℙ 𝑦𝑜𝑢 𝑤𝑖𝑛 =
5

9

(c) ℙ 𝑦𝑜𝑢 𝑤𝑖𝑛 =
5

9

(d) Going second guarantees higher probability of winning 
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