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Problem 1: Always, Sometimes, Never

a) 𝐺 can be vertex-colored with 4 colors.

• Planar graphs: True, by four/five color theorem

• Nonplanar graphs: True, check 𝐾3,3 or 𝐾5 

b) 𝐺 requires 7 colors to be vertex-colored

• Planar graphs: False, only need four/five color 

• Nonplanar graphs: True

Either

Always Nonplanar



Problem 1: Always, Sometimes, Never

c) 𝑒 ≤ 3𝑣 − 6

• Planar graphs: True, by Euler formula

• Nonplanar graphs: True, check 𝐾3,3 or 𝐾5 

d) 𝐺 connected, each vertex has degree at least 2

• Planar graphs: True

• Nonplanar graphs: False, by Kurwatowski’s theorem

Either

Always planar

e) Every vertex has degree at least 2

• Planar graphs: True

• Nonplanar graphs: False, by Kurwatowski’s theorem Always planar



Problem 2: Short Answers

Goal: Want to get a bound on 𝑓 

𝑣 − 𝑒 + 𝑓 = 2

a) A connected planar simple graph has 5 more edges than it has vertices. How many

       faces does it have?

Condition: 𝑒 = 5 + 𝑣 

Plug in:

𝑣 − (5 + 𝑣) + 𝑓 = 2

𝑓 = 7



Problem 2: Short Answers

• We now that 3-dimensional hypercude have 8 vertices

• Trees on 8 vertices have 7 edges

• A 3-hypercube has 12 edges

• Need to remove 5 edges

b) How many edges need to be removed from a 3-dimensional hypercube to get a 

       tree?



Problem 2: Short Answers

c)    The Euler’s formula 𝑣 − 𝑒 + 𝑓 = 2 requires the planar graph to be connected. 

       What is the analogous formula for planar graphs with 𝑘 connected components?

Assume there are 3 connected components

𝑣1 − 𝑒1 + 𝑓1 = 2 

𝑣2 − 𝑒2 + 𝑓2 = 2 

𝑣3 − 𝑒3 + 𝑓3 = 2 
σ𝑖=1
𝑘 ( 𝑣𝑖 − 𝑒𝑖 + 𝑓𝑖) = σ𝑖=1

𝑘 2 

𝑣 − 𝑒 + 𝑓 + (𝑘 − 1) = 2𝑘 

⟹
 

Overcounted the inifinity face!



Problem 4: Hypercubes

a)   Draw 1, 2, 3 dimensional hypercubes

• Construction of hypercubes with bitstrings

• N dimensional hypercube = glueing two N-1 dimensional hypercube

0 1

00 10

01 11

000 010

110100

101 111

011001

1D 2D 3D



Problem 4: Hypercubes

b)   Show that the edges of an 𝑛-dimensional hypercube can be colored using 𝑛 colors

000 010

110100

101 111

011001

𝑥

𝑦

𝑧



Problem 4: Hypercubes

c)   Show that 𝑛-dimensional hypercube is bipartite

000 010

110100

101 111

011001

0 1

00 10

01 11
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