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Problem 1: Natural Induction on Inequality

Prove thatifn € N, x > 0, then (1 + x)™ > 1 + nx.

Note:

e Base case: Prove the statement forn = 0.
* Induction hypothesis: Assume n = k is true. } If the statement is true for n = k,

* Induction step: Prove the statementforn =k + 1 Then the statementistrueforn = k + 1

P(0) P(1) P(2) P(3) ...

Base case Since P(0) is true Since P(1) is true Since P(2) is true
P(1)is true P(2)is true P(3)is true



Problem 1: Natural Induction on Inequality

Prove thatifn € N, x > 0, then (1 +x)" > 1 + nx

Basecase:n =0
Check
(1+x)°=1>1+0-x

Thecasen = 1andn = 2 is also easy

1+x)'=14+x>1+1x

(1+x)?=1+2x+x*>1+2x



Problem 1: Natural Induction on Inequality

Prove thatifn € N, x > 0, then (1 +x)" > 1 + nx

What aboutn = 37

How should we connect previous cases (n = 2) to current case (n = 3)?
(1+x)=0+x)?(1 4+ x)
>(1+2x)(1+x) =1+ 3x + x?

> 1+ 3x /

Always nonnegative!

Now we’ve figured out how to jump fromn =kton =k + 1!



Problem 1: Natural Induction on Inequality

Prove thatifn € N, x > 0, then (1 +x)" > 1 + nx

Inductive hypothesis: Assume n = kis true, i.e. (1 + x)* > 1 + kx for some arbitrary k
Inductive step: Want to prove that (1 + x)**1 > 1 + (k + 1)x

(1+ ) = (1 4+ x)*(1+x)
>(1+kx)(1+x)=1+ (k+ Dx + x*
>1+(k+1)x
General strategy:

e Get some intuition by asking how can you go fromn =1 ton = 2, etc...

e Write down all steps to get partial credits



Problem 2: Make it Stronger

Basecase:n =1
a, =1<3% =9

. . . . k
Inductive hypothesis: Suppose n = k is true, i.e. a; < 32
k+1
Inductive step: Prove thatn = k + 1istrue ,i.e. Qryq < 3°

How canwe gofromn=kton=k + 17

There’s an extra factor of 3!

Ap+1 = 3a12< /
2
<3(3%) =33""")

i 32k+1



Problem 2: Make it Stronger

e 1 _
Let’s instead prove that a, < - 32" = 32"-1
Basecase:n =1

a1:1§321—1:3

Inductive hypothesis: Suppose n = k is true, i.e. a; < 32"-1

k+1_
Inductive step: Prove that n = k + 1istrue, i.e. Qpqq < 3% 1

_ 2,2
A1 = 3ak



Problem 3: Binary Numbers

Converting binary number to decimal

1001101

26 25 2% 23 22 21 20

20 423 422 420=77

Any binary number ¢,,¢,,_1 ... C1Co Can be represented in decimal as

2™+ cp 2" 4 02 + ¢ 2°

Binary Numbers | "~ Decimal Numbers

Prove using induction!



Problem 3: Binary Numbers

Let’s try induction
Base case: n = 0 has binary representation of 0
Inductive hypothese: Suppose n = k has some binary representation

Inductive step: Prove that n = k 4+ 1 is true.
By induction hypothesis,

e If kiseven / k has some binary representation,
>k=c¢,2m+c,,_ 2™+ + 2!

> k+1=c,2™+c,,_ 2™ 1+ 421 +1
e If kisodd?



Problem 3: Binary Numbers

Let’s try induction
Base case: n = 0 has binary representation of 0
Inductive hypothese: Suppose n = k has some binary representation

Inductive step: Prove that n = k 4+ 1 is true.
* If kisodd?
> k=c,2m+cp_ 2™+t 21 +1
=>k+1=c¢,2M+c,,_ 2™+ - +¢;21 +2
= k+1=c, 2™+, 2™ 1+ + (¢, +1)21

: coe



Problem 3: Binary Numbers

Let’s try induction

Base case: n = 0 has binary representation of 0

Inductive hypothesis: Supposeln < k has some binary representation

Inductive step: Prove that n = k 4+ 1 is true.

e If kisodd?

= k + 1iseven = ¥*1/, is aninteger thatis < k
. . k+1 _
= It has a binary representation = % = 2™+ cp 2™+ o+ 2 + ¢

= k+1=0c,2m" 4+ 2™+ -+ 2% + 21
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